We construct a new supermatrix model which represents a manifestly supersymmetric noncommutative regularisation of the U OSp(2|1) supersymmetric Schwinger model on the supersphere. Our construction is much simpler than those already existing in the literature and it was found by using Poisson geometry in a substantial way.
Introduction
The subject of this paper is situated on a crossroad of two active current themes of research: the first concerns the application of the method of localisation [28] to extract quantitative informations about rigidly supersymmetric Euclidean field theories on compact manifolds and the second deals with the study of (super)matrix models giving rise to noncommutative field theories with various amount of (super)symmetry. It is certainly impossible to provide a complete bibliography of relevant works in both directions we can however mention papers [2, 3, 5, 7, 8, 9, 11, 12, 13, 15, 17, 30, 31, 35] resp. [6, 20, 18, 19, 23, 33, 36] which treat the gauge theories living on two-dimensional compact Euclidean (super)spaces, mostly on a sphere S 2 or on a supersphere S 2|2 . Probably the first example of a supersymmetric gauge theory on the supersphere was defined and studied in [24] , namely, the U OSp(2, 1) invariant supersymmetric extension of the standard Schwinger model on S 2 [32, 21] . This rigidly supersymmetric model yields in the decompactification limit the minimal N = (1, 1) supersymmetric electrodynamics on the plane constructed already by Ferrara in [10] and it was studied in [24] with the main motivation to find its manifestly supersymmetric noncommutative regularisation keeping only a finite number of degrees of freedom in the theory. This goal was indeed achieved in [24] and the resulting theory even flaunted a solid geometrical status in both commutative and noncommutative version. In particular, it allowed also a formulation in terms of a supermatrix model as discovered later in [18] . Inspite of all of those successes here we come back to the subject to present another construction which accomplishes precisely the same objectives than [24] but is at the same time much simpler. The basic ingredient making possible to simplify the story of [24] is the use of Poisson geometry which not only allows to guess natural candidates for uosp(2|1) supersymmetric gauge invariant Lagrangians but it incredibly streamlines and speeds up the technical work needed to verify that they have the required properties. We invented and tested this new Poisson formalism while studying supersymmetric σ-models [25] and we are pleased to confirm its efficiency in the present work.
Let us thus straightaway write down two principal results of the present article. The first one is a new very simple version of the action principle of the U OSp(2|1) supersymmetric Schwinger model on the supersphere S 2|2 . It reads
(1.1) The second one is a new action of the supermatrix model which in the limit of the infinite size of the supermatrices yields the theory (1.1). It is given by S N (Φ, P) = α N STr str (PΦ −ΦK) † (PΦ −ΦK) − σ 2 N e 2 [P, str(P
2) where the N -dependence of the constants α N and σ N is made explicit in (3.80) and (3.81 ).
The Introduction is not a place where all technical details should be given, nonetheless we believe that it is helpful to provide the reader with a rough acquaintance with the notations met in (1.1) and (1.2) already at this level. Thus Φ stands for the charged matter superfield on S 2|2 and the (N + 1|N ) × (N + 1|N ) supermatrixΦ is its noncommutative analogue. E is the so called superspinorial (2|1) × (2|1) supermatrix the entries of which are functions on S 2|2 and it plays the role of the gauge superfield on the supersphere. P is the noncommutative analogue of E, it is the superspinorial (2|1) × (2|1) supermatrix the entries of which are (N + 1|N ) × (N + 1|N ) supermatrices. The bracket {., .} is the Kirillov-Costant-Souriau Poisson bracket 1 on S 2|2 and the supervectorial (2|1) × (2|1) supermatrix M is the moment map generating the infinitesimal uosp(2|1) transformations of S 2|2 via these Poisson brackets. Finally,K is the noncommutative analogue of M 2 . It must be stressed that the compact notation appearing in (1.1) and (1.2) was not conceived forcibly but it is very natural. We mean by this that one can perform nontrivial technical operations on our actions working directly in the succint notation without e.g. choosing a basis of the Lie superalgebra uosp(2|1), without detailing the entries of the moment map M or of the superspinorial supermatrix E and, of course, without expanding the superfields in components. In particular, the crucial uosp(2|1) superinvariance as well as the gauge invariance of the action (1.1) can be checked in this concise way just by making use of some basic properties of the Poisson brackets like the Jacobi identity. For that matter, we believe that the use of the Poisson geometry in the construction of the supersymmetric invariants will prove to be useful also for other compact supermanifolds enjoying rigid supersymmetry whenever the action of the corresponding Lie superalgebra on the supermanifold is Hamiltonian.
The plan of the paper is as follows: in the bosonic warm up in Section 2, we present two collateral results of this paper which are the purely bosonic counterparts (2.29) and (2.62) of the main results (1.1) and (1.2). In Section 3.1, we review the basic properties of the supermatrices and of the supersphere, in Section 3.2 we construct the action (1.1) and establish its symmetry properties, in Section 3.3, we show that the expansion of the supersymmetric action (1.1) in components contains the purely bosonic action (2.29) as well as the standard Schwinger model on the sphere [32, 21] . We review the concept of the fuzzy supersphere in Section 3.4 and in Section 3.5 we construct the supermatrix model (1.2), we establish its symmetry properties and we prove that in the large N limit it yields the supersymmetric gauge theory (1.2). The last Section 4 is devoted to a discussion of the results. It should also be read carefully since we formulate there some interesting geometrical questions that our concept of the supergauge field poses. The standard way for writing down the action of a scalar electrodynamics living on a two-dimensional Riemannian space-time M with Euclidean signature uses the determinant √ g of the Riemann tensor g µν and the components g µν of it inverse:
(2.1) Here A µ is the electromagnetic potential in some coordinates ξ µ , e 2 the coupling constant and F µν is the field strength:
Of course, a potential term dµ S 2 V (Φ * Φ) can be obviously added to this action but we shall be systematically avoiding it as our principal concern is the interaction of the matter field φ with the gauge field A µ .
If the manifold M is the unit two-sphere S 2 equipped with the standard round Riemannian metric then the action (2.1) can be rewritten 2 in a SO(3)-covariant way as
where the SO(3) covariant electromagnetic field strength vector F k is defined as
In order to explain the meaning of the symbols A k and R k , k = 1, 2, 3 we need first to introduce three functions x 1 , x 2 , x 3 on S 2 the values of which in every point of the sphere are given by the R 3 Cartesian coordinates of this point (the unit sphere S 2 is thought to be standardly embedded in the three-dimensional Euclidean space R 3 and the Riemannian metric on S 2 is induced from the flat one on R 3 ). Thus it holds x
and the measure on S 2 induced by the round Riemannian metric can be written accordingly as
The following vector fields R k on R 3 are tangent to the surface (2.5) of the embedded sphere hence they can be viewed also as the vector fields on S 2 :
The vector fields R k generate an infinitesimal action of SO(3) on S 2 and are related by an obvious identity following from the total antisymmetry of the Levi-Civita tensor ǫ klm :
To define A k , we decompose the electromagnetic potential 1-form A µ dξ µ as
where
If we furthermore impose a constraint
then the coefficient functions A k are determined uniquely from A µ dξ µ via (2.9) and (2.11). The constraint (2.11) has a natural geometric interpretation because it says that the SO(3) vector A k is perpendicular to the normal vector x k , hence A k is tangent to the surface of the sphere.
Virtually all authors working on the subject of gauge theories on the fuzzy sphere [1, 6, 20, 22, 23, 26, 33, 34] used the manifestly SO(3) invariant form (2.12) of the scalar electrodynamics on S 2 as the starting point to the construction of noncommutative deformations. It appears that nothing more can be said about (2.3), yet there is an almost banal detail which I remarked only recently and which actually triggered my renewed interest in the subject of the fuzzy deformations of (super)gauge field theories. The point is that the action (2.3) can be rewritten in slightly different but still manifestly SO(3)-invariant way as follows
The quantity F (A) can be referred to as a "scalar field strength" and it is invariant with respect to the SO(3) transformations (infinitesimaly generated by the vector fields R k ) as well as with respect to the gauge transformations
Here ρ is arbitrary function on S 2 . Notice also, that the gauge transformation (2.14) is compatible with the constraint (2.11) due to (2.8).
Remark 1:
In order to demonstrate the equivalence of the actions (2.3) and (2.12), it is useful to parametrize the electromagnetic potential Aµdξ µ in terms of its Hodge dual * (Aµdξ µ ): 15) where, as before, the coefficient functions B k are unambiguously fixed by the constraint
It is easy to check that the relation between the respective SO(3) covariant parametrizations B k of * (Aµdξ µ ) and A k of Aµdξ µ reads
It is now easy to calculate the quantities F k and F in the dual B k parametrization. The result is 18) from which the equivalence of the actions (2.3) and (2.12) readily follows.
Is there any conceptual or technical gain which could be extracted from the rewriting (2.12) of the action (2.3)? Well, as we shall see in Section 2.2, the noncommutative deformation based on the new version (2.12) looks more or less as complicated as the standard one based on (2.3). However, the things are very different in the supersymmetric setting where the existence of a scalar super field strength generalizing the purely bosonic quantity F turns out to simplify drastically the construction of the noncommutative supersymmetric gauge theory. The reason for this is the following: in the U OSp(2|1) supersymmetric analogue of the action (2.3) constructed in [24] the role of the three-component field strength F k is played by an eigth-component object living in the adjoint representation of the supergroup SU (2|1). This eight-component object has to be, furthermore, constrained in the U OSp(2|1) supersymmetric and supergauge invariant way. All in all, the already existing construction [24] of the manifestly supersymmetric electrodynamics on the supersphere is quite involved while, as we shall see in Section 3, it can be replaced by an astonishingly simple alternative, by using the scalar superfield strength as a "sesame".
The use of Poisson geometry
Before turning to the supersymmetric case, which is our real concern in this paper, we spend here some more time with the purely bosonic SO(3) invariant gauge theory (2.12). We do it in order to illustrate the use of the new technical tools based on Poisson geometry. As we have seen in Section 2.1, in the purely bosonic case the use of the Kronecker tensor and of the Levi-Civita tensor is sufficient to obtain all important formulas therefore the Poisson tools represent just an amusing computational alternative. However, in the supersymmetric case the Poisson tools are considerably more beneficial from both conceptual as well as technical point of view because su(2|1) invariant tensors are more numerous than in so(3) case, they have more components and they are tied together by more complicated identities.
The Poisson geometry enters the game because there is a natural KirillovKostant-Souriau Poisson bracket 3 on S 2 defined by
The sphere S 2 can be viewed as the coadjoint orbit of the group SO(3).
which allows to express the action of the rotation vector fields R k on the complex scalar field φ in a Hamiltonian way:
The bracket (2.19) can be also described more invariantly if we introduce the so called moment map M . The latter is a traceless idempotent Hermitian 2 × 2 matrix the entries of which are the complex functions x 3 , x ± := x 1 ± ix 2 on the sphere:
The set of the defining Poisson brackets (2.19) can be then rewritten in several equivalent ways which are useful in different contexts. For example
where V 1 , V 2 are arbitrary traceless Hermitian matrices representing the Lie algebra so(3) ≡ su(2) in the spin 1 2 representation (the choice of the Pauli matrices for V 1 , V 2 gives readily (2.19)). Other description of this fundamental Poisson structure on the sphere are matrix-like, e.g.
the last representation should be read in components as
Finally it holds true also
In what follows, it will be convenient to represent the electromagnetic potential A k also by a traceless Hermitian matrix A:
By using (2.20), the scalar field strength (2.13) can be then written as
and the new form of the manifestly SO(3) invariant action (2.12) can be recast as
Consider the following infinitesimal variations of the fields φ and A:
Here an arbitrary element V of so (3) ≡Lie(SO (3)) is viewed as the traceless Hermitian matrix in the spin 1 2 representation of so (3); in particular the choice of the Pauli matrices V = σ k /2 gives
Notice also that the so(3) variation (2.32) of A is induced from the Lie derivative of the potential 1-form A µ dξ µ :
We now wish to show that the action (2.29) is so(3) invariant with respect to to the variations (2.31) of the interacting fields φ and A:
To do that we use Eq. (2.23) and we calculate
From (2.35),(2.36) and (2.31) we then derive
The relations (2.37) and (2.38) imply
We finish the proof of the fact that δ V S = 0 by exploiting the so(3) invariance of the measure dµ S 2 :
The relation (2.40) holds for any function f on S 2 , in particular for that appearing in (2.39).
Now we verify the gauge invariance of the action S(Φ, A) with respect to the following gauge transformation depending on an arbitrary function ρ on S 2 :
The check of the invariance of the matter kinetic term is trivial, however a little bit more work is needed to establish the invariance of the field strength: Because the moment map M squares to the unit matrix, we obtain, respectively, for every function f on S 2 and for every matrix function T on
The relations (2.42), (2.24) and also (2.43), considered for T = {M, f }, then imply
Obviously, the equation (2.44) guarantees the invariance of the field strength (2.28) with respect to the gauge transformation (2.41). For that matter, we should perhaps recall that the field A is constrained by the constraint x k A k = 0 which can be rewritten also as
We observe from (2.42), that this constraint is also preserved by the gauge transformation (2.41) as it should.
Remark 2:
There is an alternative way of writing the action (2.29) in terms of the Hodge dual fields B k given by (2.17) . Introducing the traceless Hermitian matrix B by 
and the action (2.29) as
In this dual way of writing the action of the scalar electrodynamics on the sphere the kinetic term of the gauge field gets simpler at the price of rendering the matter kinetic term slightly more complicated. This alternative action (2.48) is of course also so(3) invariant and gauge invariant with respect to the following so(3) and gauge transformations of the fields φ andB:
Notice that these transformations respect the constraint tr(M B) = 0.
Scalar electrodynamics on the fuzzy sphere
Now we are going to present a new construction of a purely bosonic scalar electrodynamics on the fuzzy sphere S 2 N [16, 27] . Recall that S 2 N is the noncommutative manifold resulting from the quantization of S 2 induced by the Poisson brackets (2.19). The linear SO(3)-equivariant quantization map Q N associates to smooth functions f on S 2 sequences of N × N -matrices Q N (f ) which are called the quantized or fuzzy functions. We shall not need an explicit formula for the quantization map Q N but we do need three basic properties of it:
Obviously the parameter 2/ √ N 2 − 1 plays the role of the Planck constant for the quantization map Q N . It is also important to stress that Tr stands for the trace of the N ×N matrices while, throughout this paper, we reserve the symbol tr for the trace of 2 × 2 matrices.
To give a flavor, what the map Q N is about, let us make explicit the quantized versions of the functions 1,
where 1 N stands for the unit N × N -matrix. In particular, it is then easy to verify that it holds the emblematic fuzzy sphere relation
In what follows, we shall adopt a notation keeping the dependence on N tacit:
It can be easily checked that the following Hermitian matrices L k
realize an N -dimensional unitary representation of the Lie algebra so(3). This fact is compatible with the property (2.52) and with the definition (2.19).
Let us now construct a field theory on the fuzzy sphere, the fields of which are a complex N × N matrixφ ≡ Q N (φ) and three Hermitian N × N matriceŝ
For the action functional we take:
where the N × N matrix F (Â) defined by
plays the role of the fuzzy field strength. The fuzzy action (2.62) is invariant with respect to the following so(3) field variations
because it can be easily checked that
The so(3) invariance of the constraint (2.61) can be verified in a similar way. Our fuzzy action (2.62) as well as the constraint (2.61) can be easily checked to be also gauge invariant with respect to the following gauge transformation:
where U is an arbitrary unitary N × N matrix. Notice in particular, that the noncommutative field strength F (Â) transforms under (2.67) as
There exists a more compact way of writing the fuzzy action (2.62) in the spirit of the commutative action (2.29) but also in the spirit of the matrix model filosophy of Ref. [33] . So, as in the commutative case, we define 2 × 2 matriceŝ
In terms of the matrixÊ, the action (2.62) can be expressed compactly as
71) where tr means the trace of 2 × 2 matrices and Tr the trace of N × N matrices.
Our last task in this section is to show that in the limit of large N the matrix model (2.62) and (2.71) gives the scalar electrodynamics (2.29) on the ordinary sphere. The large N limit of the kinetic term is easy to establish since the relations (2.51),(2.52) and (2.60) directly give
A little more work is necessary to find the large N limit of the field strength
The derivation of (2.73) is based on the same relations (2.51),(2.52) and (2.60) as before but also on the constraint (2.61) which itself can be written as
Finally, in the limit of large N the trace Tr approaches the integral over the sphere following the relation (2.53) and this is the last ingredient needed to establish the correct N → ∞ limit of the fuzzy action (2.62).
3 Fuzzy supersymmetric Schwinger model 3.1 Supermatrices and the supersphere S
2|2
By an even (2|1) × (2|1) supermatrice over a complex Grassmann algebra we mean a square matrix V of the block form
where A is a 2 × 2 square matrix with even entries, the column vector B and the row vector C have odd entries and D is an even element of the Grassmann algebra. In what follows, we shall exclusively consider the Grassmann algebras equipped with the so called graded involution. The latter was introduced in [29] and satisfies ab =āb,ā = (−1)
By definition, the Hermitian conjugated matrix V ‡ has entries which fulfil
where sign(i − j) takes value 1 if i ≤ j and −1 otherwise. Every Hermitian supermatrix V † = V can be unambiguously represented as a sum 4) where the supertrace of the supermatrix V is defined by
and V v ,V s are traceless Hermitian supermatrices of the respective forms
Now it can be easily checked that the ordinary commutator of two even traceless Hermitian supermatrices of the v-type 4 is again the even traceless Hermitian supermatrix of the v-type. The even traceless Hermitian supermatrices of the v-type thus form a Lie superalgebra referred to as uosp(2|1). It can be also verified that the commutator of the matrix of the v-type with the matrix of the s-type is of the s-type, therefore the space of the matrices of the s-type is the representation of uosp(2|1) called the superspinorial representation.
The supersphere S 2|2 is a supermanifold generated by three even real variables y k , k = 1, 2, 3 and a pair of graded complex conjugated odd variables θ,θ fulfilling one constraint y It will prove extremely useful to organize the generators y k , θ,θ into the even traceless Hermitian supermatrix of the v-type as follows:
The uosp(2|1) Kirillov-Kostant-Souriau Poisson structure on S 2|2 is then defined by the following bracket.
Thus the Hamiltonian generating the action of V on the supersphere S 2|2 via the Poisson bracket is str(VM) and hence M ∈ uosp(2|1) is nothing but the moment map of this action. Other description of this fundamental Poisson structure on the supersphere are matrix-like, e.g. Although we do not need it, we list for completeness the Poisson brackets of the generators y k , θ,θ as they follow from the general formula (3.9):
{y k , y l } = ǫ klm y m , {y 3 , θ} = − i 2 θ, {y 3 ,θ} = + i 2θ , {y 1 + iy 2 ,θ} = −iθ, {y 1 − iy 2 , θ} = −iθ, {y 1 + iy 2 , θ} = 0 = {y 1 − iy 2 ,θ},
Unlike the so(3) moment map M considered in the previous section, the uosp(2|1) moment map M given by (3.8) is not idempotent. In fact, the square of M is nontrivial and plays a very important role in the construction of the supersymmetric invariants. Thus we define
and we find that K is the Hermitian supermatrix of the s-type. For completeness, we describe it explicitly:
where ζ := θ(y 1 − iy 2 ) −θy 3 ,ζ := θy 3 +θ(y 1 + iy 2 ), w = −1 − θθ. We finish this section by listing useful formulae expressing the Poisson brackets involving the matrix K:
Supersymmetric electrodynamics on S

2|2
By using the supermatrix K defined by (3.13),(3.14), a manifestly uosp(2|1) invariant action of a free massless complex scalar superfield Φ on the supersphere was written in [25] . It reads
where the uosp(2|1) invariant measure on the supersphere S 2|2 is defined by [14, 25] dµ S 2|2 := dy 1 dy 2 dy 3 dθdθδ(y The immediate consequence of the invariance of the measure dµ S 2|2 is the formula derived from (3.10) and from (3.13), the free action (3.17) can be easily checked to be invariant with respect to the uosp(2|1) action on Φ defined by
Let us gauge the global U (1) symmetry Φ → exp i̺ 0 Φ of the action (3.17) by introducing a multiplet of odd and even gauge superfields C,C, C 0 arranged in the matrix of the s-type:
We require, moreover, that C is constrained by str(KC) = 0. It is easy to check the symmetry of the action S ext with respect to the following gauge transformations
where ̺ is an arbitrary even real function on S 2|2 . Now we are going to concentrate to the problem how to render the supermatrix gauge superfield C dynamical. Said in other words, we must construct a viable manifestly supersymmetric gauge superfield kinetic term to be added to the supersymmetric action (3.24). One way of solving this problem was shown in [24] , the other, and drastically simpler, is presented in this paper. Why we have not seen the simpler solution while writing the former paper [24] ? Well, we were not aware at that time of a possibility to use Poisson geometry as a very efficient conceptual and technical tool for constructing superinvariant Lagrangians. We have first used this tool only recently in the context of supersymmetric σ-model [25] and the present article constitutes another proof of its efficiency. Thus we introduce here a concept of a scalar superfield strength F (C) defined as This scalar superfield strength F (C) is really scalar which means that its variation δ V F induced by the vector-like transformation δ V C reads
Let us prove the formula (3.28) to give an illustration of the efficiency of our compact notation using the supermatrices M and K. First of all, since K = M 2 − 2, we infer from (3.10) that
Then we find from (3.10) and (3.29)
Much in the same way, we find {str(VM), str({C, K}M)} = str({δ V C, K}M). Let us now prove the invariance of the scalar superfield strength F (C) with respect to the gauge transformation (3.25) . By using the Jacobi identity in two alternative forms {a, {b, ρ}} = {{a, b}, ρ} + {{ρ, a}, b}; (3.32)
{{ρ, b}, a} = {ρ, {b, a}} + {b, {a, ρ}}, The duality C ↔ E may be called the Hodge one by analogy with the purely bosonic case albeit we are not avare of its possible interpretation in the language of differential forms. A recent paper [4] may possibly shed more light on this issue. Finally, the scalar superfield strength F in terms of E reads simply
and the supersymmetric Schwinger model action becomes
(3.41) It is in this form that we have presented the manifestly uosp(2|1) supersymmetric action of the Schwinger model on S 2|2 in the Introduction.
Component expansions
In this section, we shall work out the action of the supersymmetric electrodynamics on the supersphere in components. We do it starting from the dual formulation (3.41) in which the scalar supersymmetric field strength has simpler form. Recall that the gauge field E is the Hermitian supermatrix of the type s: The constraint (3.43) allows to express the even superfield E 0 in terms of the (mutually graded conjugated) superfields E,Ē as follows
The scalar superfield strength (3.40) in terms of the constituent superfields E 0 ,E andĒ becomes
For the component expansions of the superfields E,Ē compatible with the graded conjugation we choose an ansatz
and all the components fields, whether real onesÃ k , ρ or mutually conjugated ones ε,ε, ξ andξ, depend just on the variables y k . Morever F 0 (ε,ε) is the scalar superfield strength (3.45) evaluated on the zero-order term expansion of the matrix superfield E (this is to say on E = ε,Ē =ε and E 0 = 0). With the component ansatz (3.48), the evaluation of the full scalar superfield strength F (E) (3.45) gives:
where F (A) is nothing but the purely bosonic scalar curvature (2.13)
and θ,θ are related to ζ,ζ as in (3.15). We note, in particular, that F (E) does not depend on ε,ε and ρ. Knowing (3.49), we can now easily complete the component expansion of the gauge kinetic term in the action (3.41). It reads
Here σ k are the Pauli matrices and ξ, ξ † are defined as
We now proceed to the component expansion of the matter kinetic term. By using (3.8),(3.14), (3.42) and (3.43), we find successively
Here C = i[M, E], or, in detail:
For the component expansion of the complex matter superfield Φ, we choose the following ansatz (cf. [14] ):
The component expansion of the superfields C,C is obtained easily from expansions of E,Ē and from (3.54). In order to simplify those expansions we first make the usual partial gauge fixing by going to the so called Wess-Zumino gauge. This means that we set 5 ε =ε = ρ = 0 in the ansatz (3.46),(3.47) and (3.48). We thus find for C andC quite simple expressions C = θÃ 3 +θ(Ã 1 + iÃ 2 ) −ζy kÃk − 2iθθ(ξy 3 + ξ(y 1 + iy 2 )), (3.57)
We finally insert (3.55),(3.56),(3.57) and (3.58) into (3.53) and find the component expansion of the uosp(2|1) supersymmetric electrodynamics (3.36):
Here M is the bosonic moment map, A k is the tangential part of the gauge field
and Ψ, Ψ † are defined by
The expression (3.59) contains at the same time the purely bosonic scalar electrodynamics (2.3) as well as the fermionic electrodynamics (the Schwinger model) in the manifestly so(3) invariant formulation [21] . We note that the emergence of the Yukawa-like terms φΨ † M Ξ is not specifically inherent to the choice of the compact Euclidean "space-time" S 2 but it appears also in the flat space version of the supersymmetric Schwinger model [10] .
Fuzzy supersphere
Now we turn to the construction of the supersymmetric electrodynamics on the fuzzy supersphere S 2|2 N . Recall that S 2|2 N is the noncommutative supermanifold resulting from the quantization of S 2|2 induced by the Poisson brackets (3.9) or (3.12). A linear uosp(2|1)-equivariant quantization map Q N associates to smooth superfunctions f on S 2|2 sequences of (N + 1|N ) × (N + 1|N ) supermatrices Q N (f ) which are called the fuzzy superfunctions. We shall not need an explicit formula for the quantization map Q N but we need three basic properties of it:
Obviously the parameter 2/ √ N 2 + N plays the role of the Planck constant for the quantization map Q N . It is also important to stress that STr stands for the supertrace of the (N + 1|N ) × (N + 1|N ) supermatrices while, throughout this paper, we reserve the symbol str for the supertrace of (2|1)×(2|1) supermatrices.
To give a flavor, what the map Q N is about, let us make explicit the quantized versions of the functions 1, w, y k , θ,θ, ζ andζ on S 2|2 :
(3.68) Here 1 N stands for the unit N ×N -matrix, Q N (x k ) are the quantized generators of the ordinary bosonic fuzzy sphere and the (N + 1) × N matrices T 1 , T 2 are given by
(3.69) In particular, it is then easy to verify that it holds the basic fuzzy supersphere relation
71) It can be straightforwardly checked that the following supermatrices In what follows, we shall need the fuzzy versions of the supermatrices M and K. We define them aŝ
Note thatM is of the v-type whileK is of s-type. The supermatricesM and K turn out to fulfil the following identities which will be useful to show the emergence of the supersymmetric Schwinger model (3.36) as the large N limit of a certain supermatrix model. Here they are:
Supermatrix model
Now we describe the construction of the manifestly supersymmetric gauge theory living on the fuzzy supersphere which in the large N limit yields the supersymmetric electrodynamics (3.36) . The superfields present in this noncommutative theory are simply the Q N -quantizations of the superfields Φ, C,C and C 0 living on the ordinary supersphere and we shall denote them asΦ,Ĉ,Ĉ andĈ 0 . ThusΦ andĈ 0 will be even (N + 1|N ) × (N + 1|N ) supermatrices (Ĉ 0 Hermitian) andĈ,Ĉ will be odd (N + 1|N ) × (N + 1|N ) supermatrices Hermitian-conjugated to each other. As in the commutative case, we arrange the fuzzy gauge superfieldsĈ 0 ,Ĉ andĈ into the traceless Hermitian (2|1)×(2|1) supermatrixĈ of the s-type:
We shall require, moreover, thatĈ obey the following constraint str KĈ +ĈK + 2
Note that the constraint (3.78) is the fuzzy analogue of the commutative constraint (3.23) because it follows from (3.62):
.
(3.79) Here recall that str stands for the supertrace of (2|1) × (2|1) supermatrices whereas the symbol STr (e.g. in the next equation) denotes the supertrace of the (N + 1|N ) × (N + 1|N ) supermatrices.
Consider now an action
80) where
and P 2 v means the v-type part of the supermatrix P 2 in the sense of the decomposition (3.4).
The action (3.80) and the constraint (3.78), which can be rewritten as
are obviously invariant with respect to a supergauge symmetrŷ
where U is an arbitrary even superunitary (N + 1|N ) × (N + 1|N ) supermatrix. In terms of the fuzzy superfieldĈ, the supergauge transformation takes the following form:Ĉ
Now we study the uosp(2|1) supersymmetry of the fuzzy action (3.80) with respect to the uosp(2|1) variations of the superfieldsΦ and P Restricting a Hermitian supermatrix to its v-part is an operation interchangeable with the uosp(2|1) transformation hence the supermatrix P 2 v transforms as
and F (P) transforms as
The uosp(2|1) supersymmetry of the action (3.80) now follows easily from (3.85),(3.87) and from the cyclic properties of the supertraces str and STr. The last thing to be done is to show that the large N limit of the supermatrix model action (3.80) gives the action (3.36) of the supersymmetric electrodynamics on the (graded)commutative supersphere S 2|2 . We start by evaluating explicitly the v-part of the matrixĈK +KĈ :
It is important to stress that all commutators appearing in (3.88) are graded.
Since the commutator in (3.63) is also graded, we find from (3.63) that
From the formula (3.75), we deduce
This fact and the formula (3.89) allow us to find the expansion of (P 2 ) v in the Planckian constant 2/ N (N + 1):
(3.91) By using (3.91) and (3.81), we immediately infer the expansion of the fuzzy superfield strength F (P) in the Planckian constant:
Then we find from (3.26),(3.63),(3.64) and from the first equation of (3.81) that the full kinetic term in the fuzzy action (3.80) expands as
In this way we have recovered from the kinetic term of the fuzzy action in the large N limit the kinetic term of the (graded)commutative action (3.36) . The calculation of the large N limit of the matter kinetic term in (3.80) is much easier. In fact, the immediate application of (3.63), (3.64) and of the first equation of (3.81) yields
Finally, putting together (3.93), (3.94) and exploiting (3.64), we conclude that the large N limit of the fuzzy action (3.80) is the action (3.36) of the supersymmetric electrodynamics on the (graded)commutative supersphere. Moreover, it can be obtained from (3.63) and (3.64) , that the gauge symmetry and the uosp(2|1) supersymmetry of the fuzzy action induce in N → ∞ the gauge symmetry and the uosp(2|1) supersymmetry of the (graded)commutative action.
Discussion of the results and outlook
The reader might have noticed that in the (graded)commutative part of our work the matter superfield Φ was viewed just as the complex superfunction on the supersphere S 2|2 and not as a section of a nontrivial line bundle over S 2|2 . Said in other words, we did not yet include supervortices in the formalism. From the physical point of view such inclusion is necessary since the topologically nontrivial configurations usually play an important role in the quantum dynamics of electromagnetically interacting matter in two dimensions. Of course, the problem may be circumvented by studying just vortices and not supervortices. This means, in other words, by expanding the manifestly supersymmetric action of the Schwinger models in components and by promoting the complex scalar boson φ contained in the superfield Φ to a section of an appropriate line bundle. From the mathematical point of view, however, such a procedure is not very elegant and the inclusion of supervortices in a manifestly supersymmetric way represents actually an intriguing challenge.
The crucial point to understand is the geometrical status of the multiplet C 0 , C,C of the gauge superfields. At the first sight it looks natural to view C 0 , C,C as components of some connection C, however, this hypothetical connection must have more components then just three superfields C 0 , C,C because there are in total four independent directions on the supersphere (two even and two odd). The problem is that it is not a priori clear how to define covariant derivatives in all independent directions without introducing new dynamical fields into the action. To say the same thing more geometrically, it is not evident how to complete a partial connection (given by the covariant derivatives in the directions of the Hamiltonian vector fields {ζ, .}, {ζ, .} and {w, .} ) into a full connection C. The usual trick which works well in the flat space expresses the covariant derivatives in even directions in terms of the anticommutators of the covariant derivatives in odd directions. However, this methode turns out not to work in the curved space. Indeed, we have checked that there is an obstruction to complete the partial connection C 0 , C,C to the full connection C in that particular way and, astonishingly enough, that this obstruction can be quantitatively expressed in terms of the scalar gauge superfield strength F (C) given by (3.26)! That means, in other words, that only those partial connections C 0 , C,C which have vanishing field strength F (C) can be extended to a full connection C! We believe that, at the present stage, it is wise to postpone the issue of the inclusion of the supervortices into the formalism and to concentrate beforehand onto two other clues capable to shed additional light on the problem. The first clue to follow is noncommutative. As argued by Steinacker in [33] , the study of gauge theories on the noncommutative spaces can be simpler than on the commutatives ones. In particular, a lot of geometrically involved concepts like nontrivial fiber bundles, connections, monopole sectors etc. need not be introduced formerly but they arise simply and naturally from the noncommutative formalism [33] . We expect that the generalisation of Steinacker's approach to the noncommutative supersymmetric setting may help to contribute to give a sound geometrical meaning to the partial connection fields C 0 , C,C. The second clue consists in closely examining the mathematical structure of gauge theories on the sphere with the extended N = (2, 2) supersymmetry and to inspect the geometrical status of their N = (1, 1) contents.
Needless to say, another problem awaiting a solution consists in calculating a partition function and related dynamical characteristics of the supermatrix model (3.80) that we have constructed. Whether the fashionable method of localisation can be useful in this context is an open question.
